An asymptotic analysis is applied to the relaxation function of a homogeneous viscoelastic material in order to study the propagation of transient waves and their reflection at a discontinuity surface. The wave propagator and the reflectivity kernel are derived for the one-dimensional problem in the form of a time expansion and are expressed in terms of hypergeometric functions. The decay of the wave front and the growth or decrease of the transient amplitude near the wave front are shown to be consequences of the relaxation properties. Also the behaviour of the non-instantaneous part of the reflectivity turns out to be connected with the thermodynamic restrictions on the relaxation function. The asymptotic approach is tested through a comparison with Maxwell's viscoelastic model.
Introduction
In a recent paper (1) we have considered one-dimensional transient waves in a linear viscoelastic medium described by a stress-strain law in a differential form. Both the problems of wave propagation and reflection at a discontinuity surface have been solved for two particular models accounting, respectively, for one and two characteristic relaxation times. Although these models can be effective in describing the viscoelastic behaviour of a solid (see (2) ), they are not of general applicability. A more comprehensive approach should rely upon an integral stress-strain law which is customary in the theory of materials with memory (3, 4) .
In the present work we deal with a general viscoelastic medium attempting to work out the evolution of a mechanical pulse and its behaviour at a discontinuity surface. We are essentially interested in the dissipative effects due to the relaxation properties of the medium which is assumed homogeneous and isotropic. Accordingly, a scalar problem is considered for longitudinal or transverse waves in the one-dimensional case. Our approach is based on the wave splitting technique for a first-order differential system in the time domain. Although this method has mainly been developed in the electromagnetic context (see for example (5) and, in particular, (6) ), it has been also applied to linear viscoelastic media (7, 8) , in order to solve both the direct and the inverse problems. In particular, these works present a numerical solution in the case of exponential-like relaxation functions. We are interested here in deriving some general properties of transient propagation which follow from the thermodynamic compatibility of the constitutive model. Within the linear theory of materials with memory, the Cauchy stress tensor T is supposed to be a linear functional of the history of the infinitesimal strain tensor E = general form, can be stated as T(x, t) = G(0)E(x, t) + ∞ 0 G (τ )E(x, t − τ ) dτ, ρ∂ 2 t u(x, t) = ∇ · T(x, t), (1.1) where ρ is the (constant) mass density and G(t) is the relaxation (fourth-order) tensor. A prime denotes differentiation with respect to the argument. Now we assume that u is a piecewise smooth function of t and of the spatial coordinate x and denote by e 1 the unit vector along the x-direction. We also suppose that u(x, t) = 0, ∀(x, t) ∈ R × R − . In an isotropic medium these assumptions decouple the problem (1.1) into two pairs of equations pertaining, separately, to the longitudinal and the transverse parts of the mechanical field and of the traction w = Te 1 . Each pair takes the form (see (1) )
where σ represents the instantaneous elastic modulus of the pertinent type of motion. For compressive motion, σ = 4 3 µ + κ and for shear motion σ = µ, where, as usual, µ and κ are respectively the shear modulus and the bulk modulus. In (1.2) 1 K is a linear integral operator defined as follows:
is a suitable relaxation function. Its explicit form possibly depends upon whether we are considering compressive or shear motion, provided that G(0) = 1. We also assume G(t) to be continuous and differentiable on R + with bounded derivatives, up to the desired order and, consequently, K turns out to be invertible. The compatibility of the constitutive assumption (1.1) 1 or (1.2) 1 with the second law of thermodynamics implies some relevant restrictions on the relaxation functions G(t) and G(t) (see (9) ). In particular,
A simple example of relaxation functions which are compatible with thermodynamics can be traced back to Maxwell's viscoelastic model. In this case 5) where τ M > 0, and the constitutive law can be reduced to a differential form. For such a model it has been shown that the propagation and the reflectivity problems admit an exact solution (1).
In the following we are concerned with transient wave propagation and reflectivity for an arbitrary relaxation function. In particular we use an asymptotic expansion of the Laplace transform of G(t) to obtain approximated solutions, valid for a region close to the wave front, for both the propagator kernel and the reflectivity kernel. We show that inequality (1.4) turns out to require damping of the wave pulse and enhancement or reduction of the amplitude of the reflected field at a discontinuity surface. The propagator and the reflectivity can be expressed in terms of hypergeometric functions of (x, t) and t respectively, which are easily handled in numerical computations. A comparison with the exact result is performed for Maxwell's model (1.5) to check the effectiveness of our approach.
Preliminary results
In this section we give the essentials of the derivation of the wave propagator for one-dimensional transient waves in viscoelastic media. More details are given in (1) while a more comprehensive treatement of the wave splitting technique here employed can be found in (5, 10). We assume that a given pulse be produced at x = 0 for t > 0 in the viscoelastic half-space x ∈ R + and write u(x, 0) = 0, ∀x ∈ R + , u(0, t) = u 0 (t), ∀t ∈ R + , where u 0 is a piecewise smooth function on R + . Hence, putting v = ∂ t u, (1.2) can be rewritten as
Thus the problem of transient wave propagation can be stated in the form of a first-order differential system with boundary and initial conditions, as follows:
In order to obtain a formal solution of the problem (2.1), (2.2), we introduce the wave splitting transformation
where Q is a linear integral operator of the convolution type with bounded kernel Q(t), defined by
for any f ∈ L 1 (R + ). We look for a kernel Q such that the transformation (2.3) diagonalizes the matrix in the right-hand side of (2.1), thus reducing the system to a pair of uncoupled first-order equations for v + and v − . To this aim we take the Laplace transform of (2.3) and then substitute into the Laplace transform of (2.1). The diagonalization requirement implies that
where the hat symbol denotes the Laplace transformation, and system (2.1) reduces to
where c = √ σ/ρ. According to the physical meaning of v + and v − as forward and backward propagating modes we choose the positive sign in (2.5) and obtain, in particular, the following equation for v + :
where L −1 denotes the inverse Laplace transform. In order to describe the general properties of transient modes v + , we introduce the forward wave propagator P + (x, t). Accounting for the boundary datum (2.2) 1 we put
Owing to its convenience in characterizing the dispersive effects on transient waves, the wave propagator technique has been developed, and widely employed, in the context of both homogeneous and non-homogeneous one-dimensional electromagnetic media (see (11, 12) ). We note that P + (0, t) = δ(t), where δ is the Dirac distribution. Substituting (2.8) into (2.7), using (2.2) 2 and accounting for the arbitrariness of v 0 (t) we obtain a first-order differential equation for P + which can be solved easily by means of the Laplace transforms. The result is
Analogous results hold for the backward mode v − and the corresponding wave propagator P − (x, t), provided the pertinent boundary conditions are supplied.
Wave propagator
According to the hypotheses of section 1 we assume that G(t) ∈ C N +1 (R + ) with G(0) = 1. Hence, the following expansion holds:
where |r N (t)| Ct N +1 , with C 0. In view of Watson's lemma (see, for example, (13)), we can find A ∈ R + and > 0 such thatĜ
for Rs A, | arg s| 2) where C N , is a positive constant which depends on C. Taking account of the condition G(0) = 1, from the asymptotic expansion (3.1) we have
We note that a positive constant h exists such that
Then, (3.3) can be rewritten as
More conveniently, we rearrange the right-hand side of (3.4) as a polynomial of 1/s, regrouping all terms containing R N (s). We obtain 5) where the coefficients g k (k = 0, 1, . . . , N − 1) depend only on the first k + 1 derivatives of G evalued at t = 0. For instance, in the case N = 4,
6)
The remainder term in (3.5) satisfies the asymptotic conditioñ
and, more precisely,
withÃ > max(h, A). Now, we can substitute (3.5) into (2.9). In order to work out the inverse transform, we observe that
where 0 F k are hypergeometric functions. Hence, the forward propagator assumes the form
where the asterisk denotes time convolution and the symbol N −1 k=1 * stands for the composition of convolutions from k = 1 to k = N − 1. Equation (3.9) shows some essential features of transient wave propagation in viscoelastic media. Firstly, the wave front propagates with the speed c which represents the usual speed of longitudinal or transverse plane waves. Secondly, in view of (1.4) and (3.6) 1 , the amplitude of the wave front decreases exponentially in time. In fact, according to (2.8), for any boundary pulse v 0 (t), at the wave front (x = ct), we get v + (t) = e g 0 t v 0 (0). More generally, we remark that (3.9) can be written as
and, consequently, the propagating pulse amounts to the superposition of the attenuated but undistorted boundary pulse and an additional term due to the convolution with F. Obviously, in the case of a purely elastic medium we have G (t) = 0 identically, hence g k = 0, ∀k,R N −2 (s) = 0, ∀s and P + (x, t) reduces to δ(t − x/c).
In order to investigate the behaviour of transient waves in the region close to the wave front we need an estimate of the term containing the remainderR N −2 in (3.9). To this end we observe that, owing to (3.8) and (3.7),
and
In view of the continuity of r (t) in the neighbourhood of t = 0 we obtain
It follows that an approximate expression of the forward propagator holds for t − x/c → 0 + , in the form
In section 5 we show the effectiveness of such an approximation in comparison with an exact solution.
Here we look at a general property of the propagating transient wave due to (3.11). Let us consider a boundary pulse at x = 0 in the form
where H (t) is the Heaviside unit step function, and apply (3.11) and (3.12) to (2.8) with N = 2. We obtain, as t → 0 + ,
Since 0 F 1 (2; ξ) = I 1 (2 √ ξ)/ √ ξ , where I 1 is a modified Bessel function, we obtain
We conclude that, just behind the wave front, the amplitude of the transient wave is enhanced or reduced depending on whether g 1 < 0 or g 1 > 0 respectively. This effect is weakened for increasing values of x. In particular, from (3.6) 2 and (1.5), in the Maxwell model, g 1 = −1/(8τ 2 ) and the amplitude behind the wave front is always greater than at t = x/c. However, for a general viscoelastic material, no restrictions are imposed on the sign of g 1 by thermodynamics. To a certain extent, (3.9) can be compared with analogous results obtained within the electromagnetic context by Karlsson and Rikte (6), using the same technique. In that case the propagator of Sommerfield's forerunner in a dispersive medium takes the form of a composition of convolutions with an attenuation factor. As in (3.9), the convolving factors are expressed as power series of time.
Reflectivity at a discontinuity surface
Let S be the plane interface x = 0, between a homogeneous, isotropic elastic half-space placed at x < 0 and a homogeneous, isotropic viscoelastic half-space placed at x > 0. We assume that a transient plane wave propagating along x impinges on S from x < 0 and look for the reflected and transmitted fields. The continuity of v and w at S implies that
where 0 + and 0 − refer respectively to the limiting values from the right and from the left as x → 0. According to the wave splitting transformation (2.3), (4.1) reads
where ρ e and σ e are respectively the mass density and the elastic modulus pertinent to the elastic half-space (x < 0). We introduce the reflectivity R(t) via a convolution operator which, applied to the incident wave v + , yields the reflected wave v − at x = 0, that is,
Analogously we define a transmission kernel T (t) by which we obtain the transmitted wave as
According to the causality principle we put v − (0 + , t) = 0, ∀t ∈ R. Then, substituting (4.3) and (4.4) into (4.2), transforming by Laplace and taking account of (2.5) and the arbitrariness of v + (0 − , t) we arrive atR 5) where η = √ ρ e σ e / √ ρσ . The Laplace transforms in (4.5) can be easily inverted to give
where
Now we apply the asymptotic analysis of the previous section to evaluate the inverse transform of [exp (−usĜ) ]. Looking at (3.1) we observe that
Then, remembering that G(0) = 1 and substituting into (4.6) and (4.7), we get
A more convenient expression of R and T can be achieved by putting
Then, owing to the result
and noting that P * N (0, t) = R * N (0, t) = 0, we obtain
Equations (4.10) and (4.11) show that the reflected and the transmitted transient waves consist of two contributions. The first part is due to the (instantaneous) reflection and transmission coefficients
and amounts to undistorted reflected and transmitted pulses. The second part, which is the same for both reflected and transmitted waves, is due to the convolution of H with the incident transient wave. We note that, according to the continuity of v at x = 0, from (4.10) and (4.11) we get T (t) = δ(t) + R(t). Concerning the remainder term exp(−us R N ), we can imitate the analysis performed in the previous section to estimate its inverse Laplace transform. From (4.9) we get R * N (u, t) = O(t N ) as t → 0 + . This result allows us to write
We look for a first approximation of the convolution term in the reflected and transmitted fields. To this end we evaluate H(η, t) to the lowest order in t. Owing to (4.8) and (4.13) we obtain
(4.14)
Then, we consider an incident pulse in the form of a step function, as in (3.12), v
where, for definiteness we choose v 0 ∈ R + . Applying the result (4.14) to (4.3) we get
as t → 0 + . We observe that this result remains valid for any incident pulse with a finite amplitude at t = 0, since v + (0, t) can be always expanded in a power series starting from v 0 . Owing to inequality (1.4) we conclude that the non-instantaneous term in the amplitude of the reflected field turns out to increase with t. This is a peculiar property of reflected transient waves on a viscoelastic half-space, which holds for any relaxation function compatible with thermodynamics. As to the dependence of (4.15) on η we observe that in the limits of a free boundary (η → 0) or a clamped boundary (η → ∞) of the viscoelastic half-space, we get the usual result of total reflection, |v − (0 − , t)| = v 0 . This last result is general and does not depend on the approximation (4.14) (see Appendix). On the other hand, if η = 1, differently from the elastic case, the reflected field has a non-zero contribution, that is,
An illustrative picture of the result (4.15) is given in Fig. 1 . Owing to the equivalence of the noninstantaneous parts of R(t) and T (t), the previous remarks extend to the transmitted pulse as well.
Effectiveness of the asymptotic expansion-the Maxwell model
In order to test the effectiveness of the expansions (3.11) and (4.10) for the propagator and the reflectivity, we consider the well-known viscoelastic Maxwell model. In this case the relaxation kernel is given by (1.5) and we know the exact solution for both the propagation and the reflection problems (see (1)). In particular, the wave propagator takes the following form: A comparison of (3.11) with (5.1) shows that the δ-like parts of P + M and P + coincide, since g 0 = −1/(2τ M ) in this case. Hence we are led to compare those parts of the propagators which yield the effective convolution terms in v + (x, t). To this end, along with (5.1) and (3.11), we put
The function P c (x, t) has been computed for N 2 and compared with P c M (x, t) in Figs 2 and 3. In these computations we have disregarded convolutions of order greater than two in (3.11), since they do not give appreciable contributions in connection with the degree N of our approximation. The results show that the present expansion is effective in approximating the wave propagator for small values of t − x/c. As a consequence, for relatively sharp boundary pulses v 0 (t), the computation of v + (x, t) can be performed by (2.8) retaining a relative small number of terms in the expansion (3.11) . Concerning the reflectivity kernel R(t), the exact solution for Maxwell's model 
with shows that the non-instantaneous contribution to the reflectivity is attained for η 1 as also appears from (4.15).
Conclusion
In the present work the Laplace transform of the relaxation kernel of a viscoelastic material has been written as an asymptotic expansion to derive the evolution of plane transient waves and their behaviour at a discontinuity surface. The analysis is based on the wave splitting technique applied to a homogeneous isotropic medium. We have shown that, under general assumptions, the propagation of transient waves satisfies some elementary properties such as the decay of the amplitude of the wave front and the distortion of the original wave's profile. This last effect is illustrated by (3.13) in the case of a step-like pulse. Our result can be viewed as the viscoelastic counterpart of the analysis of the first precursor in electromagnetic dispersive media (6) , where the wave propagator takes a form similar to our (3.9). The thermodynamic restriction (1.4) also involves a peculiar feature of the pulses which are reflected by a discontinuity surface. As shown in (4.15), for short times, the amplitude of the non-instantaneous part of the reflected wave increases with t for any viscoelastic material. This fact causes different results in the total reflected field depending on the nature of the discontinuity (η > 1 or η < 1) as shown in Fig. 1 . The time expansions obtained for both the propagator and the reflectivity, turn out to be operative in the approximated evaluation of the transient field. This is evident from the comparison with the known exact solution in Maxwell's model and allows us to be confident in applying (3.11) and (4.10) to sufficiently sharp mechanical pulses.
